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The Critical Layer of Warm Plasma Waves  
in Magnetic-velocity  Zonal Shears and Buoyancy 
O.M.ElMekki  
Faculty of Mathematical Sciences, University of Khartoum 
Abstract: In this paper we show that critical layers exist in warm plasma in zonal shear flow and 
uniform zonal magnetic field when including the buoyancy term but neglecting compressibility 
effects. The effect on heating the plasma is then discussed. 
لاصلختسم: ةصلاخ ةقرولا هذه ىف   : نايرج دوجو ىف ةئفاد امزلاب ىف موقت نأ نكمي ةجرحلا ةقبطلا نأ حضون
 شقانت و ز ةيطاغضنلاا لامها نكلو رابتعلاا ىف ةيبذاجلا ذخا عم ىفانتكا ىامهلاك مظتنم ىسيطانغم لاجم و صاق
ام زلابلا نيخست ىلع كلذ رثأ ةقرولا.  
1.1 Mathematical Formulation : 
The equations which govern the motion of a collisionless, unstratified, neutral, non-rotating 
adiabatic and warm plasma are those of momentum (with bouncy effect but neglecting 
compressibility effects ) and continuity for each of the two species of the plasma (protons and 
electrons; which are equal in number) together with Maxwell`s equations and the equation of state 
for a perfect gas (see for example El Mekki 1998).When linearised about some basic state, these 
equations will apply to the motion of small amplitude oscillations. 
A basic state consisting of a quasi-uniform magnetic induction 0B  and a wind shear U both in the 
z-direction will be considered.  
These equations are ,in the bulk formulation of the plasma, 
        
  ^00 )
1
zBB
u


 gp
Dt
D

, 









00 )(
1
BBBu
B
0
t
 
0..
0


Bu
Dt
D
 
Annual Conference of Postgraduate Studies and Scientific Research (Basic and Engineering Studies Board)               
17-20 February 2012, Friendship Hall, Khartoum 
 
2 
 
We first linearise these equations about the basic state which consists of a uniform zonal magnetic 
field and a quasi-uniform zonal flow in a Boussinesqu fluid .We then eliminate all flow variables in 
favour of W, the vertical component of the velocity, to obtain the following dispersion equation: 
In which,                        
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Near
0ˆ 2 
 the fast mode gives  
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and e is the electronic charge. 
  The wave number curves based on the dispersion equation(depicted in figure 1 ) reveal two 
modes :one does not reach to asymptotes (called the fast mode ) and another one which reaches 
to asymptotes (called the fast mode) .It is this mode which gives rise to the critical levels. Solving 
the dispersion equation as a quadratic we get: 
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  However, critical layer behavior can be affected by making use of the fact that only the slow mode 
exhibits critical layers at 
0ˆ 
 
  Near 
0ˆ 
 the minus sign gives   
2
zk
=0 (corresponding to the fast and a reflection point) 
whereas the plus sign gives  
  (Corresponding to the slow mode and an asymptote) The dispersion equation for this 
slow mode reduces to  
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where 
2
2
U
N
 is the usual Richardson`s number of gravity waves. 
  3.2 Behaviour near the Critical Layer: 
  Near the singular line 
)(0ˆ 0zz 
(3.1.27) upon putting
0yk
 for two-dimensional motion we 
get 
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  To leading order the general solution of (3.2.1) by the usual method of frobenius is  
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In which A and B are arbitrary constants of integration Writing  
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 We see that for real propagation in the z-direction we must have  
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 Matching the solution (3.2.2) as we cross the critical level by the usual method of allowing the 
frequency to have a small imaginary part (Booker and Bretherton 1967), 
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   (3.2.5) 
    Now it is well known that the wave invariant  

 defined by 
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is a constant except at a discontinuity where it jumps from one constant to another. Therefore 
evaluating this wave invariant above and below the critical level for a wave approaching the critical 
level from below for instance we find  
2e
below
above 


. 
This means that the wave will emerge from the upper side of the critical level heavily attenuated i.e. 
the critical level will absorb the wave energy. 
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